Geometric Deformation



Orthogonal Procrustes
Problem



Optimization of Rotation: mRin W(R)

Strategy A: Iteratively update rotation by parameterizing
rotational update as dR = exp{Skew(w)}

Hard to choose!
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Strategy B: Singular Value Decomposition (SVD) can find
the optimal rotation if W (R) takes the form of
IRA — B|g



Optimizing Rotation for Quadratic Metric

Rope = argmin||RA — B, where RTR =1
R
= argmin||RA — B||4 = argmin{(RA — B,RA — B)r.
R R

= arg}r?nin{llAII% — 2(RA,B)r + ||B|%}

= argmax(RA, B)r = argmax(R, BA" )
R R



Optimizing Rotation for Quadratic Metric

Rope = argmax(R, BA")p
R
= argmax(R, ULV ") = argmax(UT RV, %)
R R

= argmax(S, X)r, where STS =1
S

= arggnaX(Sllle + S32%55 + S33233)

=pyv?t



Solution of Orthogonal Procrustes Problem

Rotation optimization

Rope = argmin||RA — B||g, where RTR =1
R

l UuxyTi

Rope = UVT,  where BA" = UXV" (using SVD)




As-Rigid-As Possible
Deformation



Deformation using SVD

Shape matching deformation As-rigid-as possible deformation
[Mller et al. 2005] [Sorkine et al. 2007]

As-Rigid-As-Possible
Surface Modeling

Olga Sorkine Marc Alexa
TU Berlin
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https://www.youtube.com/watch?v=LAoQJ1dhklw https://www.youtube.com/watch?v=ItX-qUjbkdc



https://www.youtube.com/watch?v=LAoQJ1dhk1w
https://www.youtube.com/watch?v=ltX-qUjbkdc

Invariance of the Elastic Energy

« Deformation energy is not affected by rotation R and translation ¢

same energy

same energy




How can We Formulate Elastic Energy?

Hard to choose!

Strategy A: Elastic energy W is a function of eigenvalues

~
of Green-Lagrange strain E = FTF — | 4
W = I@—III%, where F = ; e
A

cancel rotation cancel translation

Strategy B: Elastic energy W is a sum of square distances
after cancelling rotation and translation
5 5 L n2
W = mipE a)l-HRXi + t — xl”
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Elastic Energy by Sum of Squared Distances

* Given points, if there is a rigid transformation the energy is the same
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Elastic Energy by Sum of Squared Distances

* Given points, if there is a rigid transformation the energy is the same

- - Y
ziwi”RXi +t — Xi”

A

A
— > RX, + — %
o X;
X;

elasticenergy W = 0

t sh / >
rest shape CUITERtSRApe R,t




Compute Elastic Energy W: Optimizing ¢
W(R,?) = ziwi”R)?i A
=, wdlRE = %[ = ) 20 -RX) T+ ) il
aW(R ) _ z 20;(% — RX;) + tz 20, =Y o/ o
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dt




Compute Elastic Energy W: Optimizing R
W (R Eope) = ) nllRE: +Eope =il = ) willR(F: = Teg) = (3 = Eeg) I
= D IRV@i(%: = Tog) —van(& — Eeg) |

= ||[RA — B||F A = [Vori(X; = Teg) @z (Xi — Teg), -+ |
B = [\/(‘Tl(fl - Ecg)’\/aTZ(fi - Ecg): ]

BAT = E-Wi (fl — Ecg)®()_(>i _ Tcg)
l

Ropt = argmin W(R, &,y ) = UVT,  where BAT = USVT
R




Shape Matching Deformation [miiler et al. 2005]

current shape y

rest shape X

1. compute temporary position
)?i — fi + dt . ’l})i

2. For each element, update position

> _ - Ty
Ropt, tope = min z ml-”RX,; +t —Xi”
HE i€element

)?i — Rothi *+ topt

3. Set velocity

- _ - - _
Xi+1 = Xi» Vit1 =

4. Goto 1
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https://en.wikipedia.org/wiki/Orthogonal_Procrustes_problem

Affine Transformation



Affine Transformation

Linear transformation Affine transformation
& translation
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Properties of Affine Transformation

* Composite of two affine transformations makes an affine
transformation

* * * *q 3k * * * 1 -k * * *
* * * * * * * * * * * *
* * * * * * * * = * * * *
o 0o o0 14t0 0 0 14+ 0 0 0 1

* Associative property: (4,4,)A3 = A1(4,43)

* Inverse is also an affine transformation

[ G =l )



Useful Property of Associative Law

B
J

Associative law for matrix: A(BC) = (AB)C

$

E (D (c(B (Ax)))) = (EDCBA)x

K

Precompute K = EDCBA to efficiently compute Kx for various x



Articulated Rigid Body



intfrinsic rotation: ex’rr'msnc r'o‘ra’rlon:
axis rotated axis fix

R(QW) = Q HR(&)|x QT

!

matrix don't commutel

R(Qw) x Q = Q * R(w)




Rotation around Rotated Axis: Robotic Arm

* Rotation of end-effector in a 4-link articulated body

intrinsic

R4(R3R2R154) * R3 (R2R153) * Ry (R152) % R1(51)

. 74

R1(w1) * Ry(wy) * R3(Ws3) * Ry(wy)




Affine Trans. of Rotation Around Fixed Point
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Rotatlon After Rigid Transformation

A(@', P') Ay]
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¥=R@NX -P)+P
= R(R1@)(R X+t —RP—t,) +RP+ 1,
= R(R1@)R(X — P) + R P + £,
= RR(&)(X — P) + R, P + £
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Affine Transformation of Articulated Body

Wy w3 r




Linear Blend Skinning



Linear Blend Skinning is Industry Standard

(4 rig

v Remove Initial Offset
v ARP: Inherit Shoulder, Neck Rotation

e
e
'
'
e
'
'
'
)

[ N e i A

Source “Auto-Rig Pro: Remap Update!
https://www.youtube.com/watch?v=-tuuijd2fCc 28



https://www.youtube.com/watch?v=-tuuijd2fCc

Linear Blend Skinning: Rest Pose

Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )

29


https://skinning.org/direct-methods-slides.pdf

Each Bone Has Affine Transformation

Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )
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https://skinning.org/direct-methods-slides.pdf

Linear Blend Skinning: Weighted Affine Trans.
QX

i 2 |

Sy ()= 2, @a(¥)

icbones LEbones




Skinning Weight: Weight Defined on Vertices

Weights for upper arm: w4 Weights for lower arm: w,

‘N
1
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Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )



https://skinning.org/direct-methods-slides.pdf

Reference
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