Angular Velocity



What is Skew Symmetric Matrix?

* 3x3 skew symmetric matrix represents a vector

{ATz—A J» A = Skew(d) =

Skew(d) b = dxb
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Reference & Current Configuration

R(t)
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current configuration
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reference configuration



walking on the edge!

Constraint on the Rotation ﬁ

Rotation R(t) changes under constraint R(t)TR(t) =1 :
ook
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Differentiation of Rotation Matrix

Continuous change under constraints R(t) = DoF elimination

walking on the edge! m

R(®TR() =1



Differentiation of Rotation Matrix

Continuous change under constraints R(t) = DoF elimination

4 d )

E(RRT) = ( Del

lRRT+RRT=O

RRT + (RRT)" =0
RRTis skew-symmetric

RRT = Skew (&)

_ R = Skew(w)R




Another Differentiation of Rotation Matrix

Continuous change under constraints R(t) = DoF elimination

4 d N/ d N\
— (RRT) = 0 —(RTR) =
dt ( ) dt (R R) 0
RRT + RRT =0 lRTR+RR=O
RRT + (RRT) =0 (RR) +RR =0
RRTis RR is skew-symmetric
RRT = Skew(&) RTR = Skew(Q)
R = Skew(@)R R = RSkew(Q
. ew(w) . \ Skew () /




Angular Velocities are Vector Values

—

@ : velocity in current config. Q : velocity in reference config.

[ R = Skew(w)R ] R = R Skew(Q)
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current config. reference config. current config. reference config.




Relationship between Two Angular Velocities

—

@ : velocity in current config. Q : velocity in reference config.

R = Skew(@)R ] R = R Skew(Q)

e

Skew(w) = R Skew(f_i)RT

l I’'m an anglerfish!

©=RQ




Angular Velocities are Vector Values

—

@ : velocity in current config. Q : velocity in reference config.

[ R = Skew(w)R ] R = R Skew(Q)

current config. reference config.



Rigid Body Approximation



Rigid Body Approximation

* In mass-spring system, 5 points in 3D has 15 degrees of freedom

' 7 ‘_‘. Boss, there are too many DoFs!!




Rigid Body Approximation
* If deformation is negligible, rigid body approximation makes sense

a'c’cg (t): the center of gravity’s position
R(t): rotation

It’s 6 DoF !!
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Rigid Body Approximation

e Equation of motion for rigid body?

p(t): the center of gravity’s position
R(t): rotation




Rigid Body is just an Approximation

* Everything deforms as a reaction to force
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Mass: -

* Total weight of the object




The Center of the Gravity.- .,

* Average of the positions weighted by mass density

)?1m1+ .+ X;m;
my+ -+ m;

Z:Xm/Zml
)?ngf p)?dv/f X dv
V V

is the centroidzi) if is constant
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Transformation of a Point on a Rigid Body

* For simplicity, let’s put )?Cgat the origin of coordinate: )_()Cg =0

State at time ¢t

’?CQ“L)/‘ % (1)

() = %y (0) + R(O)X;




too much

2 wom
Linear Momentum ==+, 2wt

%) = Xeg(t) + R(D)X;

=R Skew(f_i) z_mi)?i
l

=R Skew(f_l)) )_()Cg

=R Skew(f_i) 0=0




I’'m full of energy!

Kinetic Energy BE T )L F— \ 9 .
5 Bi(t) = By (1) ")
= R Skew(Q)X;
= —R Skew()_(),;)ﬁ

1 5 = 5 =
Z Mg Do +§Zimi{R Skew(X,)a} (R Skew(X,)0)

@ inertia tensor
1 —> iy 7 P2y
— —MchgH 4+ = Q(t)T@iSkeW(Xi) Sk@ﬂ(t)
L




Inertia Tensor -,

Quadratic form

Iin, = — ) mlSkew(X ) Skew(X;) .
1 1 _ _ Q » “§~ » :}C
=» K ——MHngH QTImQ .

inertia tensor [;,
positive semi definite

I, = RI;,,RT

@
1 1 W »:JT—.'I’ »j{‘
D K = EMHngH +§a)TIl-na) s

inertia tensor i;l
positive semi definite



Euler’s Rotation Equation



Equation of Motion of Rigid Body

kinetic energy of a point

1
K = —ﬁ’T‘mﬁ" I
2

kinetic energy of rigid body

1_>T —
:7( :E.Q. Iin‘Q

~

equation of motion

mv = F

wrong!! @
1 = 5 =
Elinﬂ‘ = F

equation of motion

Iin‘(_.i + Skew(ﬁ)lmﬁ) = ﬁ




Euler-Lagrange Equation

* If g(t) is the solution, for arbitrary perturbation 6g(t) it holds:

d (98L)_90L _
de\obg) ~ Ra)

Parameterization of deviation

Velocity of the Parameterized deviation
(K_i cannot be put in here)




Trajectory of Rotation

R'(¢t;)

R(t1)

R(t3)



Perturbation of Rotation

Perturbed rotation is constrained as R’TR’ = ]

R'(t,)
@
O
R’(tl) R(tZ)
O
@

R'(t3)

R(t3)



Perturbation of Rotation

Perturbation SR get constraintas R”' R’ = (R + 6R)T(R + 6R) = I

R'(t,) R'(ts)
® O S—8R(t,)
OST6R(ty) R
R’(él) R(tZ) 3
@



DoF Elimination for Rotation Perturbation

R'R' = (R+SR)"(R+6R) =1 |Skew(56)=RT5R

‘ differentiation

Skew (56) — RTSR + RTSR

R'(t,) R'(t3)
2 O
> ;((} SR (t3)
R'(t;) R(t,) SR(t,) 3 = RSkew(60)
SR(t,) /8 = RSkew(6®)

= RSkew(cS(Tf) R(¢y)



Perturbation of Angular Velocity

Skew(50) = R SR Skew(Q) = RTR

Skew (56) — RTSR + RTSE Skew(8Q) = 6RTR + RT6R

= Skew(50)Skew(Q) — Skew(Q)Skew(56)
) = Skew(Skew(ﬁ)(?@)))
Skew(5(1) = Skew (68) +@R"R — R6R

50 = 66 + Skew(0)56




Rigid Body Floating in Space

* No potential energy & no linear velocity

—

52 (R,R,56,68) = 6071;,0
= {56 + Skew () 56’}T I, Q

Euler-Lagrange equation equation of motion (a.k.a Euler’s equation)

d g — —
a (‘WP) - ﬂf =0 »[E (1;Q) + Skew(Q)I;,Q = 0
dt\5s9/ 060




Equation of Motion for Rigid Body

0

IinQ + Skew ﬁ))llnﬁ

RO
RI,,RT

W
Iin

equation for current config

~ﬁ
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[, + Skew(@)I;,&d = 0




Solution of Euler’s Equation

Y
In general, the rotation axis w, Q also move around

precession

nutation

rotation

Credit: User Herbye@Wikipedia

Rotating T-shaped object in zero gravity
y 2 F [/ f ! -
A ‘- ‘ L | .

Dancing T-handle in zero-g
https://www.youtube.com/watch?v=1n-HMSCDYtM



Solution of Euler’s Equation: Special Case

When angular velocity Q lined up with eigen-vector of inertia
tensor I;,,, angular velocities (), @ are constant

= Aw
. . AQ
fi + Skew(@f];, )= 0 I + Skew(@(fd)- 0
\ J
Y

»

A0xQ =0 ABXE = 0

=0

el

Q=0

.

l

O = constant w = constant
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